Abstract. We study well-rounded lattices which come from ideals in quadratic number fields, generalizing some recent results of the first author with K. Petersen [8] . In particular, we give a characterization of ideal well-rounded lattices in the plane and show that a positive proportion of real and imaginary quadratic number fields contains ideals giving rise to well-rounded lattices.
Introduction and statement of results
Ideal lattices are important objects in number theory and discrete geometry, which have been extensively studied in a series of papers by Eva Bayer-Fluckiger and her co-authors in the 1990's and 2000's (see, for instance, [1] , [2] , [3] ). In this note, we consider the simplest kind of ideal lattices coming from quadratic number fields. Let K be a quadratic number field, and let us write O K for its ring of integers.
, where D is a positive squarefree integer. The embeddings σ 1 , σ 2 : K → C can be used to define the standard embedding
is given by σ K = (σ 1 , σ 2 ); if K = Q( √ −D), then σ 2 = σ 1 , and σ K = ( (σ 1 ), (σ 1 )), where and stand for real and imaginary parts, respectively. Each nonzero ideal I ⊆ O K becomes a lattice of full rank in R 2 under this embedding, which we will denote by Λ K (I) := σ K (I). Such lattices are called planar ideal lattices.
Given a lattice Λ ⊂ R 2 of full rank with a basis a 1 , a 2 , we can write A = (a 1 a 2 ) for the corresponding basis matrix, and then Λ = AZ 2 . The corresponding norm form is defined as Q A (x) = x t A t Ax, and we say that the lattice is integral if the coefficient matrix A t A of this quadratic form has integer entries; it is easy to see that this definition does not depend on the choice of a basis. It is also easy to see that every ideal lattice is integral. We define det(Λ) to be | det(A)|, again independent of the basis choice, and (squared) minimum or minimal norm |Λ| = min{ x 2 : x ∈ Λ \ {0}} = min{Q A (y) : y ∈ Z 2 \ {0}}, where stands for the usual Euclidean norm. Then each x ∈ Λ such that x 2 = |Λ| is called a minimal vector, and the set of minimal vectors of Λ is denoted by S(Λ). A lattice Λ is called well-rounded (abbreviated WR) if the set S(Λ) contains two linearly independent vectors. These vectors form a basis for Λ, and we refer to such a basis as a minimal basis. WR lattices are important in discrete geometry and in a variety of optimization problems (see [11] ).
In this note, we study WR ideal lattices coming from quadratic number fields. The general investigation of WR ideal lattices has recently been started in [8] , where, in particular, infinite families of WR ideal lattices coming from real and imaginary quadratic number fields have been constructed. We continue this investigation. Let us call an ideal I in the ring of integers O K of a quadratic number field K = Q( √ ±D) well-rounded (WR) if the corresponding planar lattice Λ K (I) is WR. We will say that a positive squarefree integer D satisfies the ν-nearsquare condition if it has a divisor d with
D, where ν > 1 is a real number. Our main result is the following theorem. . This in particular implies that a positive proportion (more than 1/5) of real and imaginary quadratic number fields contain WR ideals, more specifically
Moreover, for every D satisfying the 3-nearsquare condition the corresponding imaginary quadratic number field K = Q( √ −D) contains only finitely many WR ideals, up to similarity of the corresponding lattices, and this number is
where ω(D) is the number of prime divisors of D and the constant in the Vinogradov notation does not depend on D.
Remark 1.1. Two WR ideal lattices coming from the same imaginary quadratic field are similar if and only if the corresponding ideals are in the same ideal class, which explains finiteness of the number of WR ideals in this case, as asserted in Theorem 1.1. In fact, this number is strictly less than the class number
, since O K is WR if and only if K is cyclotomic, as established in [8] . We can then compare the bound of (2) to estimates on the class number of imaginary quadratics. For instance, Siegel's original estimate [14] asserts that for
where ∆ is the corresponding fundamental discriminant:
On the other hand, the average order of ω(D) is log log D (see [9] , § §22.11-22.13), and so the upper bound of (2) is usually about
. Hence most ideal classes are not WR.
The paper is structured as follows. In Section 2 we develop some notation, recalling a parameterization of integral well-rounded lattices in the plane, and prove a simple technical lemma which we use in our main argument. In Section 3 we demonstrate explicit constructions of WR ideals, in particular specifying infinite families of similarity classes of planar WR lattices containing ideal lattices, and then prove Theorem 1.1. In addition, we further discuss the case of real quadratic fields, as well as certain criteria for quadratic number fields to contain WR principal ideals at the end of Section 3. We are now ready to proceed.
Integral WR lattices in the plane
We start with some notation, following [7] . An important equivalence relation on lattices is geometric similarity: two planar lattices Λ 1 , Λ 2 ⊂ R 2 are called similar, denoted Λ 1 ∼ Λ 2 , if there exists a positive real number α and a 2×2 real orthogonal matrix U such that Λ 2 = αU Λ 1 . It is easy to see that similar lattices have the same algebraic structure, i.e., for every sublattice Γ 1 of a fixed index in Λ 1 there is a sublattice Γ 2 of the same index in Λ 2 so that Γ 1 ∼ Γ 2 . If Λ ⊂ R 2 is a full rank WR lattice, then its set of minimal vectors S(Λ) contains 4 or 6 vectors, and this number is 6 if and only if Λ is similar to the hexagonal lattice
(see, for instance Lemma 2.1 of [8] ). Any two linearly independent vectors x, y ∈ S(Λ) form a minimal basis. While this choice is not unique, it is always possible to select x, y so that the angle θ between these two vectors lies in the interval [π/3, π/2], and any value of the angle in this interval is possible. From now on when we talk about a minimal basis for a WR lattice in the plane, we will always mean such a choice. Then the angle between minimal basis vectors is an invariant of the lattice, and we call it the angle of the lattice Λ, denoted θ(Λ); in other words, if x, y is any minimal basis for Λ and θ is the angle between x and y, then θ = θ(Λ) (see [6] for details and proofs of the basic properties of WR lattices in R 2 ). In fact, it is easy to notice that two WR lattices Λ 1 , Λ 2 ⊂ R 2 are similar if and only if θ(Λ 1 ) = θ(Λ 2 ) (see [6] for a proof).
The following parameterization of integral well-rounded (IWR) lattices is discussed in [7] . Let Λ ⊂ R 2 be an IWR lattice, then
, and D squarefree, and so Λ is similar to
Moreover, for every p, r, q, D satisfying (5), Ω D (p, q) is an IWR lattice with the angle θ(Ω D (p, q)) satisfying (4), and
where the lattice
is also IWR. Due to this property, we call
q Ω D (p, q) a minimal IWR lattice in its similarity class.
We say that an IWR planar lattice Λ is of type D for a squarefree D ∈ Z >0 if it is similar to some Ω D (p, q) as in (6) . As discussed in [7] , the type is uniquely defined, i.e., Λ cannot be of two different types. Moreover, a planar IWR lattice Λ is of type D for some squarefree D ∈ Z >0 if and only if all of its IWR finite index sublattices are also of type D. If this is the case, Λ contains a sublattice similar to Ω D (p, q) for every 4-tuple (p, r, q, D) as in (5) . Hence the set of planar IWR lattices is split into types which are indexed by positive squarefree integers with similarity classes inside of each type D being in bijective correspondence with solutions to the ternary Diophantine equation
We also need the following counting functions, as introduced in [7] . For fixed positive integers D and r, D squarefree, define
as well as
Notice that
The function f 1 (r) is well-studied; in particular, Theorem 6.2.4 of [12] implies that
On the other hand, equation (34) of [7] establishes that
and then inequality (38) of [7] guarantees that
where τ (r 2 D) is the number of divisors of r 2 D. We now prove a lemma, which will be useful to us in Section 3. 
Proof. Notice that p 2 +D = q 2 has an integral solution if and only if it has a positive integral solution. The number of positive integral solutions (p, q) with p/q ≤ 1/2 is then given by f 2 (1) as in (9), and so the equation has solutions if and only if f 2 (1) ≥ 1. Hence (12) with r = 1 implies that this happens if and only if
which is equivalent to (14) . Now, if (14) holds, then gcd(
Similarly, suppose (p, q) is a solution with gcd(p, q) = g, then g 2 | D, and so g = 1.
Finally, suppose 2 | D = q 2 − p 2 . Then 2 | q − p or 2 | q + p, which means that 2 divides both, q − p and q + p, and so 2 2 | D, which contradicts D being squarefree. Hence p 2 + D = q 2 has no solutions.
Ideal WR lattices in the plane
In this section we discuss ideal well-rounded lattices in the plane, proving Theorem 1.1. We start by setting some standard notation, following [8] (see also [4] for a detailed exposition). As in Section 1 above, let K = Q( √ ±D) be a real or imaginary quadratic number field, where D is a positive squarefree integer, and let us write O K for its ring of integers. We have
The embeddings σ 1 , σ 2 : K → C are given by
for each x + y √ ±D ∈ K, where ± is determined by whether K is a real or an imaginary quadratic field, respectively. The number field norm on K is defined by Such integral basis a, b + gδ is unique for each ideal I and is called the canonical basis for I.
For each ideal I, we consider the corresponding planar ideal lattice Λ K (I) = σ K (I) as defined in Section 1. An investigation of well-rounded ideal lattices has been initiated in [8] with some special attention devoted to the planar case. In particular, it has been established in [8] that the full ring of integers O K is WR if and only if K = Q( √ −1), Q( √ −3). On the other hand, infinite families of real and imaginary quadratic fields with WR ideals have been constructed in [8] . Here we extend and generalize these constructions, showing that many similarity classes of planar IWR lattices contain ideal lattices. Let K = Q( √ ±D) and I ⊆ O K be an ideal with the canonical basis a, b + gδ, as above. It is then easy to check that Λ K (I) has the following shape, which we record in a convenient form for the proof of our next lemmas: In fact, Lemma 3.1 allows for an additional observation on WR ideal lattices in the plane, which we record below. Next we prove that the WR ideal lattices coming from imaginary quadratic fields constructed in Lemma 3.1 are all that there are, up to similarity. 
Proof. We start with a general remark that applies to any planar lattice Λ. Given a basis matrix A for Λ, there must exist a change of basis matrix
so that B = AU is a basis matrix for Λ corresponding to a Minkowski-reduced basis (in case Λ is WR, this is our minimal basis).
We are now ready to start the proof with notation as in the statement of the lemma. Assume that the canonical basis for the ideal I is a, b + gδ, then I = gI , where I has canonical basis 
where gcd(r, q) = 1, we immediately deduce from (20) and (25) 
This completes the proof of the lemma.
In the case of a real quadratic field the situation appears to be more complicated. We propose the following question. Computational evidence suggests that the answer to this question is no, however at the moment we only have the following partial result in this direction. It is easy to see that the condition a | 2D is equivalent to a | b 2 + D if D ≡ 1(mod 4), and to a | (2b + 1)
and so a | 2D if and only if
and so a | 2D if and only if a | (2b + 1)
is as in (18) with g = 1. Let U as in (24) be the change of basis matrix from the first basis matrix in (18) to a minimal basis matrix. Then Λ K (I) is a WR lattice with minimal basis matrix
Then we must have:
, and analogously to the arguments in the proof of Lemma 3.3 
.
Hence if a | 2D, then r = 1, and so Λ K (I) ∼ Ω D (p, q) for some p, q so that
We will now show that if (1) is satisfied, then a | 2D. Take U to be the identity matrix. The positive definite binary quadratic norm form corresponding to the basis matrix B in this case will be
Since min{a 2 , b 2 + D} ≥ 2ab, this form must be Minkowski reduced, which means that B must be a minimal basis matrix. Since Λ K (I) is WR, a reduced basis for the lattice must consist of vectors of the same length, i.e we must have a 2 = b 2 + D, and hence a | 2D by the argument above.
Next suppose that
is as in (19) with g = 1. Let U as in (24) be the change of basis matrix from the first basis matrix in (19) to a minimal basis matrix. Then Λ K (I) is a WR lattice with minimal basis matrix Hence if a | 2D, then r = 1, and so again Λ K (I) ∼ Ω D (p, q) for some p, q so that
We will now show that if (2) is satisfied, then a | 2D. Again, take U to be the identity matrix. The positive definite binary quadratic norm form corresponding to the basis matrix B in this case will be
Since min a 2 ,
, this form must be Minkowski reduced, which means that B must be a minimal basis matrix. Since Λ K (I) is WR, a reduced basis for the lattice must consist of vectors of the same length, i.e we must have 4a 2 = (2b + 1) 2 + D, and hence a | 2D by the argument above.
In addition, we have the following finiteness result for the number of WR ideals in a fixed imaginary quadratic number field. Proof. Lemma 2.1 guarantees that there exist integer pairs (p, q) such that
for each p, q satisfying (36), and Lemma 3.3 implies that all WR ideals in O K correspond to solutions of (36). Then the number of WR ideals in K, up to similarity of the lattices Λ K (I), is precisely the number of pairs p, q as in (36). This number is precisely f (1) as defined in (8), which is estimated by (10) . Now applying (11) and (13), and noticing that for a squarefree integer D
we obtain (35).
Proof of Theorem 1.1. The first part of the theorem along with (2) follow from Lemmas 3.1, 3.3, and 3.5 above, so it is only left to establish (1). Define sets
where ν > 1 is a real number. Define also
for any N ∈ Z >0 . To prove (1) we simply need to show that
An analogue of (39) for integers that are not necessarily squarefree has been established in Theorem 4.4 of [5] . We will now adapt the proof of Theorem 4.4 of [5] to account for the squarefree condition. Theorem 333 of [9] implies that there exist absolute constants c 1 , c 2 such that
Now, following Section 4 of [5] , we define
for each n ∈ Z >0 , and let
Suppose n is prime, then
and so, by (40)
Since each I ν (n) ⊆ I ν (n) and I ν (n) ∩ I ν (m) = ∅ when gcd(n, m) = 1, by part (ii) of Lemma 4.2 of [5] , we conclude that I ν (n) ∩ I ν (m) = ∅ when gcd(n, m) = 1. Notice also that
Now we adapt the argument in the proof of Lemma 4.3 of [5] . Let M = π( √ N ), i.e. the number of primes up to √ N . A result of Rosser and Schoenfeld (Corollary 1 on p. 69 of [13] ) implies that for all
Hence suppose that N ≥ 289, and let p 1 , . . . , p M be all the primes up to √ N in ascending order. Then I ν (p i ) ∩ I ν (p j ) = ∅ for all 1 ≤ i = j ≤ N . Therefore, using (41), we obtain:
A result of R. Jakimczuk [10] implies that
Notice also that
and combining this observation with (42), (43), and (44), we obtain: Finally, we briefly discuss WR lattices coming from principal ideals. It is well known that every ideal in a ring of integers of a number field can be generated by at most two elements, and principal ideals play a very special role in algebraic number theory: they correspond to the identity element of the class group of a number field. It is therefore natural to ask whether principal ideals in a quadratic number ring can be WR? Corollary 2.4 of [8] implies that if K = Q √ −D , then O K contains principal WR ideals if and only if D = 1, 3. In the real quadratic case, the situation is again more complicated. We propose the following question. Table 1 below we present a few examples of number fields K = Q( √ D), D ≡ 1(mod 4), so that the class number h K = 1, which contain WR ideals. We present these ideals in terms of their canonical integral bases with δ as in (15). 
